Abstract. We study both analytically and numerically the spectrum of inhomogeneous strings with PT -symmetric density. We discuss an exactly solvable model of PT -symmetric string which is isospectral to the uniform string; for more general strings, we calculate exactly the sum rules Z(p) ≡ ∞ n=1 1/E p n , with p = 1, 2, . . . and find explicit expressions which can be used to obtain bounds on the lowest eigenvalue. A detailed numerical calculation is carried out for two non-solvable models depending on a parameter, obtaining precise estimates of the critical values where pair of real eigenvalues become complex.
Introduction
In the last years there has been great interest in the mathematical properties of a class of non-hermitian operators with PT symmetry (for a review see [1] and references therein). A good deal of this research is based on a wide variety of simple models. In particular it is of great interest to determine the conditions of unbroken symmetry under which the eigenvalues are real. This unbroken symmetry takes place for a range of values of a Hamiltonian parameter that in general increases with the quantum number.
The purpose of this paper is the investigation of a new class of PT-symmetric models: inhomogeneous vibrating strings. In a series of papers Amore studied the spectral problems of inhomogeneous strings and drums [2] [3] [4] [5] [6] [7] . In this paper we enlarge the class of such problems to include vibrating strings with complex densities Σ(x) that satisfy Σ(−x) * = Σ(x). The paper is organized as follows: in section 2 introduce the problem, in section 3 we discuss PT symmetry, in section 4 we discuss the application of the RayleighRitz method to the study of PT symmetric strings, in section 5 we introduce a family of PT symmetric strings, which includes a string isospectral to the uniform string; in sections 6 and 7 we discuss two examples of PT symmetric strings which display a mixed spectrum; finally in section 8 we draw conclusions.
PT-symmetric strings
In this paper we consider the problem an inhomogeneous vibrating string with density Σ(x) − d 2 dx 2 ψ n (x) = E n Σ(x)ψ n (x), n = 1, 2, . . .
and Dirichlet boundary conditions at the string ends ψ(±1/2) = 0. This equation can be straightforwardly converted into [2] [3] [4] [5] [6] [7] 1
where
is real positive function on |x| ≤ 1/2, it follows that
is hermitian. Another advantage of this form of the eigenvalue equation is that the inverse operatorÔ
Σ(x) can be directly expressed in terms of the Green's functions of the homogeneous problem [6, 7] . In what follows we assume that Σ(x) is complex and PT symmetric.
In particular it is straightforward to generalize the results of [6, 7] , where exact expressions for the sum rules of inhomogeneous strings and drums have been derived, to the present case. For instance, being E n the eigenvalues of a PT symmetric string obeying Dirichlet boundary conditions at its ends, we are interested in obtaining explicit expressions for the sum rules
with s = 1, 2, . . .. Analogous expressions should also be considered for the case of different boundary conditions, as done in [6] . The case corresponding to s = 1 can be directly obtained from equation (11) of ref. [7] and reads ‡
Therefore the spectral sum rule Z DD (1) only depends upon the real part of the density.
PT symmetry
PT symmetry is related to the antiunitary operatorPT , whereP andT are the parity and inversion operators, respectively [1] . In general an antiunitary operatorÂ satisfies [8] A (f + g) =Âf +Âĝ
for any pair of vectors f and g and arbitrary complex number c, where the asterisk denotes complex conjugation. In particular,Â =PT satisfies the additional condition A 2 =1. In order to discuss the PT symmetry of inhomogeneous strings we rewrite equation (1) asL
It is clear thatÂLÂ
provided that Σ(−x) * = Σ(x) as already assumed above. We appreciate that the eigenvalues are either real or pair of complex conjugate numbers. In the former case we haveLÂ
One-dimensional eigenvalue equations with Dirichlet boundary conditions ψ(±1/2) = 0 do not exhibit degeneracy and (8) holds only ifÂψ = λψ, from which it follows that A 2 ψ = |λ| 2 ψ = ψ. In particular, when λ = ±1 it follows fromÂψ(x) = ψ(−x) * = ±ψ(x) that the real and imaginary parts of ψ(x) have definite parity: ℜψ(−x) = ±ℜψ(−x), ℑψ(−x) = ∓ℑψ(−x). On the other hand, when symmetry is broken the eigenfunctions for the pair of complex conjugate eigenvalues E and E * are ψ andÂψ, respectively. ‡ We decompose an arbitrary Σ(x) in even and odd parts, Σ(x) = (Σ(x)+Σ(−x))/2+(Σ(x)−Σ(−x))/2 and then use the PT -symmetry to establish that the even part of Σ(x) is real, whereas the odd part is imaginary.
Rayleigh-Ritz method
In order to solve equation (1) we expand the solution as
Thus, the differential equation becomes the infinite matrix equation
where C is a column vector of the coefficients c n and L is a square matrix with elements
The eigenvalues E n are given by the roots of
In practice we truncate the matrices at dimension N and calculate the roots of equation (13) for increasing values of N till we get the desired accuracy.
In all the cases discussed in this paper we have F (E, α) = 0, where α is a parameter in the string density. The critical values of α are given by dα/dE = 0 and we can obtain them from the set of equations
This strategy proved suitable for the treatment of parameter-dependent PT -symmetric Hamiltonian operators [10] .
A class of solvable PT -symmetric strings
In the case of a string with Dirichlet boundary conditions at ±L Amore [4] showed that if the density satisfies the differential equation
where κ is an arbitrary constant, the solution is of the form
and
The general solution to equation (15) 
where c 1,2 are constants of integration. This solution contains the Borg string [9] , an inhomogeneous string isospectral to the homogeneous string, as a special case [2] :
, where α > −1 is an arbitrary parameter. In this case the density is Σ(x) = 16(α + 1)
Remarkably, the spectrum of the Borg string is independent of α and coincides with the spectrum of a homogeneous string (α = 0) of unit length:
The eigenfunctions are
By means of a different choice of the constants of integration, for instance c 1 = 1 and c 2 = i, we obtain a complex density
that is invariant under the PT transformation.
In particular, the special case
is the PT -symmetric analogous of the Borg string. Using equation (16) we obtain the eigenfunctions of the PT -symmetric Borg string as
and n = 1, 2, . . .. Direct substitution of equation (19) inside equation (2) shows that these are indeed the exact eigenfunctions of a string with density given in equation (18). The eigenvalues are easily obtained
Thus we see that this string has a real spectrum and that it is isospectral to a homogeneous string with unit density; on the basis of this result we may conclude that one cannot "hear" the density of a PT -symmetric string, if only Dirichlet boundary conditions are imposed, as for the case of a real string. Having the exact eigenfunctions at our disposal we may easily check that these are orthogonal with respect to the operation
has the Dirac-delta like properties
In Figure 2 we plot the approximation to δ(x, 0) obtained restricting the sum to the first 50 terms, δ 50 (x, 0), for α = 1/10 and α = 1 (left and right plots respectively). Notice that for α = 0 δ(x, y) reduces to the Dirac delta function and the imaginary part vanishes identically. All the sum rules (3), s = 1, 2, . . . , 9 calculated analytically by means of the formulas given in reference [6] agree with the straightforward sums coming from the spectrum E n = n 2 π 2 . This PT -symmetric model is another example like the HamiltonianĤ =p 2 + x 2 + iαx with real spectrum E n (α) = (2n + 1) + α 2 /4 for all real α. We can also addĤ =p 2 + iαp with the boundary conditions ψ(±L/2) = 0 with spectrum
First example
We consider a string with unit length (L = 1/2) with density
Here we assume that α is a real arbitrary parameter. To begin with, note that if the parameter-dependent string density Σ(α, x) satisfies Σ(−α, −x) = Σ(α, x) then the eigenvalues E n (α) are symmetric about α = 0: E n (−α) = E n (α). This is exactly the case of the PT -symmetric density (26). In this case we use the exact formulas of Ref. [6] and obtain: 
Since the Z DD (n) are polynomials in α, the occurrence of real roots signals that Z DD (s) −1/s can now take complex values, and therefore that the spectrum cannot be completely real.
In ref. [6] it has been proved that one can use the sequence of approximations to the lowest eigenvalue E 1 ≈ Z DD (n) −1/n , to obtain very accurate analytical approximations to E 1 : using the same strategy we have performed four repeated Shanks transformations obtaining a precise analytical formula. This formula exhibits a singularity at α ⋆ ≈ 4.40272 that is quite close to the accurate Rayleigh-Ritz result α 1 = 4.397159356361900. Figure 3 shows the estimate obtained with the Shanks transformations and the actual value of α 1 (vertical line). We have also calculated the eigenvalues of the PT string by means of a collocation method developed some time ago [11] .
At α = 0 the eigenvalues of this string are those of the homogeneous string. As |α| increases pairs of eigenvalues start to approach each other and coalesce at a particular critical value, α n , beyond which they become pairs of complex conjugate numbers. More precisely, pairs of eigenvalues (E 2n−1 , E 2n ), n = 1, 2, . . ., coalesce at the critical point α n where E 2n−1 (α n ) = E 2n (α n ) = e n . It is most interesting that in this case α 1 > α 2 > . . . so that for each value of α n+1 < α < α n there is a finite number of real eigenvalues!. This behaviour is completely different from the one that takes place in a class of PTsymmetric Hamiltonian operators, where α 1 < α 2 < . . . [1] .
By means of the Rayleigh-Ritz method outlined in section 4 we calculated several pairs of critical parameters {e n , α n } and carried out nonlinear regressions of the form 
which suggests that there is an infinite number of real eigenvalues when 0 < α < b.
A PT -string with real negative eigenvalues
Another most interesting PT string is given by the density
where α is a real parameter and |x| ≤ 1/2 as before. Once again we use the exact formulas of reference [6] and obtain the first 7 sum rules: 
The fact that Z DD (n) can take negative values signals that part of the spectrum must be complex. A useful strategy to obtain approximate solutions to the string with density (39) is to apply the Rayleigh-Ritz method as indicated in section 4 or the collocation approach to the operatorÔ. In Figure 4 we show the numerical results for the real and imaginary parts of the first eight eigenvalues of the string with density (39) for −10 ≤ α ≤ 10: these results are obtained using a collocation approach with a grid with 2000 points [11] . Looking at the right plot we see that the eigenvalues are real when −2 α 2. In Figure 5 we show the same results for −100 ≤ α ≤ 100: in this case pairs of real negative eigenvalues appear when α reaches the critical values. The first pair coalesce at ±α 1 , where α 1 = 21.90376732248.
It is interesting to focus on the second region, where the spectrum contains pairs of real negative eigenvalues. In particular, we choose α = 30, where a single pair of such eigenvalues appears. In figure 6 we plot the real and imaginary parts of the eigenfunctions of the first two modes, whose energies are real and negative. In figure  7 we plot the real and imaginary parts of the eigenfunctions of the third and fourth modes, which exhibit complex conjugate eigenvalues. These solutions are numerical approximations to the eigenfunctions of equation (1). We may get an idea of the precision of our collocation calculation from the results of Table 1 , which compares the numerical sum rules for this string at α = 30 with the exact ones shown above. It follows from those figures that ψ 1 (−x) * = ψ 1 (x), ψ 2 (−x) * = −ψ 2 (x) and that ψ 3 (−x) * = ψ 4 (x) in complete agreement with the discussion at the end of section 3.
In this case the nonlinear fitting yields two sets of critical parameters b = − 0.77692697 ± 2.7920949 × 10 −5 c = 13.397511 ± 0.29472502 
for e n > 0. In the latter case we conjecture that the exact asymptotic relation may be
Conclusions
The purpose of this paper is to enlarge the class of PT -symmetric models with the addition of parameter-dependent inhomogeneous strings with complex densities that satisfy Σ ⋆ (α, −x) = Σ(α, x). We discussed an exactly solvable example with real spectrum for all values of α. This trivial inhomogeneous string is isospectral with the homogeneous one (a PT -symmetric analog of the string found by Borg [9] some time ago).
We also discussed two nontrivial strings for which one can obtain exact sum rules thus extending Amore's result [6] to the PT -symmetric realm. The accurate calculation of the critical parameters revealed that one of the strings exhibits real positive spectrum and the other one both positive and negative eigenvalues. Obviously, such negative eigenvalues cannot take place when the operatorÔ is Hermitian.
Another interesting feature of the PT -symmetric strings is that the behaviour of the critical parameters is different from that one observed in PT -symmetric Hamiltonians 
